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Introduction

Let R be a commutative ring with identity. Let X be a vector sequence in 9t := R?,
such that X := ¢ _ X"=M@),, with G, € Mat(t, R). The main result of this
paper is to show that X can be computed as linear recurrent sequence (in 9t) with

scalar coefficients.

We also prove that the set S = S(G1,Gs,...,Gg) of all sequences in 9 that are
recurrent with coefficients G1,Go, ..., Gy, is a free R-module. A basis for this R-
module is computed in a really efficient way. This problem has been discussed in [2]

with R being a finite field.

At the end of this paper, two examples are given: the first example shows how the
main result can be used to compute linear recurrent sequences in any finite, even non
commutative, R-algebra; the second example gives rise to a surprising application of

the usual Fibonacci numbers. For the notation, we refer the reader to [1].

Vector Sequences

Let R be a commutative ring with identity 1. Let B be a n X n square matrix
with entries in R, B € Mat(n,R). The elements of B will be denoted by B;; with
0 <i,5 <n—1. The (i,j) entry of B™, the m — th power of B, shall be denoted by
B[}. The matrix B™ is defined for m < 0 iff det(B) € R* (the multiplicative group of

invertible elements of R).

We need the next two result, which can be found in [1].
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Theorem 1. For every matrix B € Mat(n, R) and every g(r) = z* — 22:1 ghat " e
R[z], if g(B) = 0, we have

B = W,([Blijig), Ym>0 and 0<ij<n-—1,

where [Bl;; = (BY, BL,...,BET).

Furthermore, if det(B) € R*, then the above equality is true Ym € Z. O

Now, let A be the companion matrix of g(x). That is,

0 0 0 gk
10 0 gr-1
A= .

so that g(A) = 0. We then have the following.

Theorem 2.

AT =Wyj(isg), Ym>0 and 0<ij<k-1. O

If 2 € R", Z = (20,%1,.-.,%n—1), We can define the sequence {Z"},,~, where
7 = (2™, 2™, ..., 2\™) = ZB™, Vm > 0, with B € Mat(n, R). Note that z® =
zZI, = 2.

Theorem 3. If g(z) = z* — Zl}iﬂ gnz*~" € R[z] and g(B) = 0, then, for j =
0,1,....,n—1,
2 = W (28,29, ..., 2875 g), (4)

J’J”J

and

2™ = Zzz”Wm Jhji 0)- (5)

Proof. To show (4), it is enough to observe that

k

k
Z(m) _ 2O pgm _ 20 § :gthfh _ Zgh5<m_h>_
h=1 h=



On the other hand

n—1
F0M =FOB™ = 2™ =) " 4B},
h=0
so that (5) follows from Theorem 1. [J

Theorem 6. If A is the companion matrix of g(x), 2 € M¥, and 7™ = Z©A™
then

5 (m)

70 = (Wi (Z:9), Wins1 (25 9)s - oo, Winak—1(Z25 9)).

Proof. The proof follows immediately from Theorem 2. [

Let us now use MM = R' and G1,Gs,...,Gy € Mat(t, R), with t,k > 1. Given the
initial vector values X©@ X®  X®&=D € 9 (considered as row vectors), we shall

construct the sequence X = (X),,>¢ in MM by means of
k
X =" X"Gy, Vm > k. (7)
h=1
In the following theorem, we prove that X can always be computed as a linear

recurrence sequence with coefficients in R.
Theorem 8. If the sequence X is given by (7), then there exists g(x) € R|x], with

deg(g(x)) = n = kt, such that g(z) = 2™ — ZZ:l ghxnfh and

n
X = ZghX(m’h), Ym > n.
h=1

Proof. Let B = B(G1,Gs,...,Gy) be the following matrix

Ot Ot P Ot Gk

It Ot P Ot Gk;fl
B=1. . . . . :

Ot Ot PN It Gl

where Oy, I; are respectively the zero and the identity of Mat(t, R). We can think of

B as an element from Mat(n, R).



Let us consider the vector
>0) _ (0 (0 (0 1) (1) (k—1) (k—1)
7O = (X, X, XL XX Xy LX)

so that Z2© € 9k = R,

By induction on m, it is clear that if 2™ := 2@ B™ V¥m > 0, then

F(m) __ (m) (m) (m) (m+1) (m+1) (m+k—1) (m+k—1)
Zom = (XM, XX XY XX XDy,

If g(x) = cg(x) then by (4) we have

(m) _ © ) (k=1). :
Z; —Wm(zj V25 sy B :g9), 0<j<n-—1,

which implies

XM =W, (XO, XY ..., X" P:g), Ym=>0.
The result now follows. [

REMARK 1: We observe that if R is any R-algebra of finite dimension over R,
even non commutative, then Theorem 8 permits one to reduce the recurrence s, =
22:1 GhSn—h,gn € R, to a linear recurrence with coefficients in R. Indeed, if ¢t =
dim, (R), then s, = (X{, X{",...,X;™) € F!, and g can be represented as a

matrix G, € Mat(t, R) by using the transpose of the right regular representation.[]

We now use S(G1, G, .. .,Gy) to denote the set of all the vector sequences X which
satisfy (7).
Theorem 9. S = S(G1,Gs,...,Gy) is a free R-module of rank n = kt.

An R-basis of S can be read explicitly from the columns of the powers of B :=

B(G1,Ga,...,Gy).

Proof. Let €; € R be the vector with 1 in the i-th place and 0 elsewhere, 0 <7 < ¢t —1.

Let 044 be the Kronecker delta. We denote by Y;; € S the sequence determined by the



initial vector conditions

V) =0ni€, with 0<jh<k—1 and 0<i<t-1

It is clear that the n sequences Y;; in S are R-independent. If X € S, for 0 <h < k-1,

we can write

(h) — Gy (h)
XM =3 XOv
ihj

Looking at the proof of Theorem 8, we see that:
(X Xt XDy = (X O XWXy BT

Thus
(X0, X0, XY = (5, XY,V Y ) B =
3oy XV Y0 Y,
Hence: X™ =3, X;”Y;(jm), VYm >k, and X =3, ; XY
It is now clear that the Y;; form an R-basis of S.
Next, we divide each row of B™ into a sequence of k vectors where each one belongs

to R'. We call B! . the vector at place v, (0 < v < k—1), in the row u, (0 < u < n—1).

(u,v)
That is

B(TZ,U) = (Bgftv? Bg,btv—l—l? R Bthert—l)

and . . .
B(O,O) B(O,l) T B(O,k—l)
Bl Biy - Blira
B™ — (1,0) (‘, ) . ( 7. )

BE/:L-L*l:O) BZZ*LU e B?:lkafl)

It is easy to prove by induction that
Y = By, Ym>0 with 0<jh<k—1 and 0<i<t-—1

which proves the second part of the theorem. [



We note that the single "bit” of place d, (0 < d <t —1), of X can be computed

directly as
(m) _ () pm
Xg" = E :Xz' Bijvia
i’j

We explain by giving an example of Remark 1.

ExAMPLE:1 Let H be the quaternion ring. That is
H = {ao + ai+ Cbgj—i— ask : a; € R,Vi}
with multiplication rules
i2=j%2=k%=-1, ij=k=—ji, jk=i=—-kj, ik=j=—ik.
We consider the sequence
Sn=(i+)sn_14 (G +k)sn_2, Yn>2 (10)

with arbitrary initial values sg,s; € H.

-,

If we represent (;—f— 7), by right multiplication, as a matrix in Mat(4,R) and we

transpose it, then we obtain

0 1 1 0
-1 0 0 1
Gi=1| 4 0 0 -1
0 -1 1 0

0 1 0 1
10 -1 0
Gy = 0 1 0 -1
10 1 0

Then (10) is equivalent to the vectorial recurrence

X(n) — X(n_l)Gl +X(n_2)G2,



where X ™ € R* represents s, as a real vector.
Now, the characteristic polynomial of B = B(G1,Gs), is (z* + 222 + 22 + 2)2.

Furthermore, the minimum polynomial of B is z* + 222 + 2z + 2. Thus
X = 2(X"2 4 X3 4 XY ¥m > 4.

If, for example, s = 1 and s; = 0, then X and XV can be read directly from
the first row of B. [J

ExAMPLE: 2 We now give an example of an application of Theorem 10, with k =
2,t =3 and G1,Gy € Mat(3,7Z).

Let G be the matrix representing the permutation (012) or

0 0 1
Gi=1|1 0 0
01 0
Let G := Gfl so that
01 0
Go=10 0 1
1 0 0

Doing this, the space S = S(G1,G2) is formed by all of the vector sequences X such
that

X = XG4 XD Gy, Ym > 2

with the given initial values X @, X® € Z3. The matrix B = B(G1, Gy) is then

000010
000001
B_(ogGg)_ooo1oo
I; G 10000 1
010100
001010

Let F},,n > 0 be the usual Fibonacci numbers. It is then easy to see that
(F“I?’ G ) if m=0(mod3)
F,.Gy Foi113
F, 1G1 F,Gs
( F.Is  F,i1Gy
F,_1Gy F,I3
0 ( F.G1  Fo,11Go

B™ =« ) if m=1(mod 3)

) if m=2(mod 3).



Since X™ = (X©, X®)B™, we obtain

Froo1 X + Fo, X Fro 1 X + Fo X8V, Fry 1 X2 4+ B X)) if m = 0(mod 3
0 2 0 0 2 1
X=(Fp 1 X{” + Fpn XY, Froa X0 + Fp X0V, Fr1 X7 4 Fn X5Y) if m = 1(mod 3) (a)
(Fr1 X + Fp X3V B 1 X0+ Fn X§P, Fpp 1 X0 + F X)) if m = 2(mod 3).

But cp(z) = 2% — 42% — 1, so we know by Theorem 8, that

X0 = 4X =9 4 Xm0 iy > 6,

That is

X =AX £ XY, Ym>6 with 0<h<2.

Now, we compute {X|™ }m>0 by using this recurrence. We choose the two initial

vectors X (@, X® and obtain

(X, XG0 X)) = (XX, XE)C™, Ym=6, (b)

where C' is the companion matrix of cg(x), X|” and X" are given by the initial

conditions, and, by (a),
X§ = X9+ X
X=X +2x5
X5 = 2X( 43X
X = 3X +5X 0.

We now consider the second order recurrent sequence Tj, := Wy (1,0; 22 — 42 — 1),

Vk > 0, where m :=3k + 7,0 < j < 2.



Using these definitions it is easy to see that

( Tr13 Tk-}—lIS) if m= O( mod 3)

Thy1l3 Thiols
0 0 Tt 0 0 Tt
T, 0 0 Ty 0 0
0 T 0 0 Twa O
0 0 Teo 0 0 Tips
Tt 0 0 Tit2 0 0
0 Tpy1 O 0 Tky2 O
0 Tt 0 0 Thyo 0
0 0 Tow 0 0  Tips
Tk: 0 0 Tk+1 0 0
0 Thyo O 0 Tk O
0 0 Teo 0 0 Ty
(\ Ty 0 0 Ty 0 0

if m=1(mod 3)

cm =4

if m =2(mod 3).

Hence, the computation of X may be easily accomplished. Let us consider the

case m = 0 ( mod 3), m = 3k. Then, by the preceding results, we have
X =X0T + X T = XS0Tk + (X + 2X5) T

and

X = X Fp1+ X5V Fpp.

Equating this results, we have
X (T + Tioyr — Frm1) + X5V (2T — Fio).

However, this must be true for all X", X5, which are choosen freely in the initial

conditions. Hence,

F._1 =T, T
{ 3k—1 k+ kH,VkEO.D

F3p = 2T} 1



10

ACKNOWLEDGEMENT

The authors would like to thank the Referee for his valuable comments.

REFERENCES

[[1]] U.Cerruti, F.Vaccarino, Matrices, Recurrent Sequences and Arithmetic, Preprint.
[[2]] S-Singh, Recurring Sequences over Vector Spaces, Lin.Alg.Appl. 131 (1990), 93-106.

A.M.S. classification numbers:11B37,15A33,11B39..



