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Introduction

Let R be a commutative ring with identity. Let X be a vector sequence in M := Rt,

such that X (m) :=
∑k

h=1 X (m−h)Gh, with Gh ∈ Mat(t, R). The main result of this

paper is to show that X can be computed as linear recurrent sequence (in M) with

scalar coefficients.

We also prove that the set S = S(G1, G2, . . . , Gk) of all sequences in M that are

recurrent with coefficients G1, G2, . . . , Gk, is a free R-module. A basis for this R-

module is computed in a really efficient way. This problem has been discussed in [2]

with R being a finite field.

At the end of this paper, two examples are given: the first example shows how the

main result can be used to compute linear recurrent sequences in any finite, even non

commutative, R-algebra; the second example gives rise to a surprising application of

the usual Fibonacci numbers. For the notation, we refer the reader to [1].

Vector Sequences

Let R be a commutative ring with identity 1. Let B be a n × n square matrix

with entries in R, B ∈ Mat(n, R). The elements of B will be denoted by Bij with

0 ≤ i, j ≤ n − 1. The (i, j) entry of Bm, the m − th power of B, shall be denoted by

Bm
ij . The matrix Bm is defined for m < 0 iff det(B) ∈ R∗ (the multiplicative group of

invertible elements of R).

We need the next two result, which can be found in [1].
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Theorem 1. For every matrix B ∈ Mat(n, R) and every g(x) = xk −
∑k

h=1 ghxk−h ∈

R[x], if g(B) = 0, we have

Bm
ij = Wm([B]ij ; g), ∀m ≥ 0 and 0 ≤ i, j ≤ n − 1,

where [B]ij = (B0
ij , B

1
ij, . . . , B

k−1
ij ).

Furthermore, if det(B) ∈ R∗, then the above equality is true ∀m ∈ Z. �

Now, let A be the companion matrix of g(x). That is,

A =









0 0 . . . 0 gk

1 0 . . . 0 gk−1

...
...

...
...

...
0 0 . . . 1 g1









so that g(A) = 0. We then have the following.

Theorem 2.

Am
ij = Wm+j(i; g), ∀m ≥ 0 and 0 ≤ i, j ≤ k − 1. �

If ~z ∈ Rn, ~z = (z0, z1, . . . , zn−1), we can define the sequence {~z (m)}m≥0, where

~z (m) = (z(m)

0 , z
(m)

1 , . . . , z
(m)

n−1) = ~zBm, ∀m ≥ 0, with B ∈ Mat(n, R). Note that ~z (0) =

~zIn = ~z.

Theorem 3. If g(x) = xk −
∑k

h=1 ghxk−h ∈ R[x] and g(B) = 0, then, for j =

0, 1, . . . , n − 1,

z
(m)

j = Wm(z(0)

j , z
(1)

j , . . . , z
(k−1)

j ; g), (4)

and

z
(m)

j =
n−1
∑

h=0

z
(0)

h Wm([B]hj; g). (5)

Proof. To show (4), it is enough to observe that

~z (m) = ~z (0)Bm = ~z (0)

k
∑

h=1

ghBm−h =
k

∑

h=1

gh~z (m−h).
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On the other hand

~z (m) = ~z (0)Bm ⇒ z
(m)

j =

n−1
∑

h=0

z
(0)

h Bm
hj ,

so that (5) follows from Theorem 1. �

Theorem 6. If A is the companion matrix of g(x), ~z (0) ∈ Mk, and ~z (m) = ~z (0)Am,

then

~z (m) = (Wm(~z (0); g), Wm+1(~z
(0); g), . . . , Wm+k−1(~z

(0); g)).

Proof. The proof follows immediately from Theorem 2. �

Let us now use M = Rt and G1, G2, . . . , Gk ∈ Mat(t, R), with t, k ≥ 1. Given the

initial vector values X (0), X (1), . . . , X (k−1) ∈ M (considered as row vectors), we shall

construct the sequence X = (X (m))m≥0 in M by means of

X (m) :=
k

∑

h=1

X (m−h)Gh, ∀m ≥ k. (7)

In the following theorem, we prove that X can always be computed as a linear

recurrence sequence with coefficients in R.

Theorem 8. If the sequence X is given by (7), then there exists g(x) ∈ R[x], with

deg(g(x)) = n = kt, such that g(x) = xn −
∑n

h=1 ghxn−h and

X (m) :=

n
∑

h=1

ghX (m−h), ∀m ≥ n.

Proof. Let B = B(G1, G2, . . . , Gk) be the following matrix

B =









0t 0t . . . 0t Gk

It 0t . . . 0t Gk−1

...
...

...
...

...
0t 0t . . . It G1









,

where Ot, It are respectively the zero and the identity of Mat(t, R). We can think of

B as an element from Mat(n, R).
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Let us consider the vector

~z (0) = (X (0)

0 , X
(0)

1 , . . . , X
(0)

t−1, X
(1)

0 , . . . , X
(1)

t−1, . . . , X
(k−1)

0 , . . . , X
(k−1)

t−1 )

so that ~z (0) ∈ M
k = Rn.

By induction on m, it is clear that if ~z (m) := ~z (0)Bm, ∀m ≥ 0, then

~z (m) = (X (m)

0 , X
(m)

1 , . . . , X
(m)

t−1, X
(m+1)

0 , . . . , X
(m+1)

t−1 , . . . , X
(m+k−1)

0 , . . . , X
(m+k−1)

t−1 ).

If g(x) = cB(x) then by (4) we have

z
(m)

j = Wm(z(0)

j , z
(1)

j , . . . , z
(k−1)

j ; g), 0 ≤ j ≤ n − 1,

which implies

X (m) = Wm(X (0), X (1), . . . , X (n−1); g), ∀m ≥ 0.

The result now follows. �

Remark 1: We observe that if R is any R-algebra of finite dimension over R,

even non commutative, then Theorem 8 permits one to reduce the recurrence sn =

∑k

h=1 ghsn−h,gh ∈ R, to a linear recurrence with coefficients in R. Indeed, if t =

dim
R
(R), then sn = (X (n)

0 , X
(n)

1 , . . . , X
(n)

t−1) ∈ F
t, and gh can be represented as a

matrix Gh ∈ Mat(t, R) by using the transpose of the right regular representation.�

We now use S(G1, G2, . . . , Gk) to denote the set of all the vector sequences X which

satisfy (7).

Theorem 9. S = S(G1, G2, . . . , Gk) is a free R-module of rank n = kt.

An R-basis of S can be read explicitly from the columns of the powers of B :=

B(G1, G2, . . . , Gk).

Proof. Let ~ei ∈ Rt be the vector with 1 in the i-th place and 0 elsewhere, 0 ≤ i ≤ t−1.

Let δab be the Kronecker delta. We denote by Yij ∈ S the sequence determined by the
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initial vector conditions

Y
(h)

ij = δhj~ei, with 0 ≤ j, h ≤ k − 1 and 0 ≤ i ≤ t − 1.

It is clear that the n sequences Yij in S are R-independent. If X ∈ S, for 0 ≤ h ≤ k−1,

we can write

X (h) =
∑

i,j

X
(j)

i Y
(h)

ij .

Looking at the proof of Theorem 8, we see that:

(X (m), X (m+1), . . . , X (m+k−1)) = (X (0), X (1), . . . , X (k−1))Bm.

Thus

(X (m), X (m+1), . . . , X (m+k−1)) = (
∑

i,j X
(j)

i (Y (0)

ij , Y
(1)

ij , . . . , Y
(k−1)

ij ))Bm =
∑

i,j X
(j)

i (Y (m)

ij , Y
(m+1)

ij , . . . , Y
(m+k−1)

ij ).

Hence: X (m) =
∑

i,j X
(j)

i Y
(m)

ij , ∀m ≥ k, and X =
∑

i,j X
(j)

i Yij .

It is now clear that the Yij form an R-basis of S.

Next, we divide each row of Bm into a sequence of k vectors where each one belongs

to Rt. We call Bm
(u,v) the vector at place v, (0 ≤ v ≤ k−1), in the row u, (0 ≤ u ≤ n−1).

That is

Bm
(u,v) = (Bm

u,tv, B
m
u,tv+1, . . . , B

m
u,tv+t−1)

and

Bm =











Bm
(0,0) Bm

(0,1) . . . Bm
(0,k−1)

Bm
(1,0) Bm

(1,1) . . . Bm
(1,k−1)

...
...

...
...

Bm
(n−1,0) Bm

(n−1,1) . . . Bm
(n−1,k−1)











.

It is easy to prove by induction that

Y
(m+h)

ij = Bm
(tj+i,h), ∀m ≥ 0 with 0 ≤ j, h ≤ k − 1 and 0 ≤ i ≤ t − 1

which proves the second part of the theorem. �
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We note that the single ”bit” of place d, (0 ≤ d ≤ t − 1), of X (m), can be computed

directly as

X
(m)

d =
∑

i,j

X
(j)

i Bm
tj+i,d.

We explain by giving an example of Remark 1.

Example:1 Let H be the quaternion ring. That is

H = {a0 + a1
~i + a2

~j + a3
~k : ai ∈ R, ∀i}

with multiplication rules

~i 2 = ~j 2 = ~k 2 = −1, ~i~j = ~k = −~j~i, ~j ~k =~i = −~k~j, ~i~k = ~j = −~i~k.

We consider the sequence

sn = (~i +~j)sn−1 + (~i + ~k)sn−2, ∀n ≥ 2 (10)

with arbitrary initial values s0, s1 ∈ H.

If we represent (~i + ~j), by right multiplication, as a matrix in Mat(4, R) and we

transpose it, then we obtain

G1 =







0 1 1 0
−1 0 0 1
−1 0 0 −1
0 −1 1 0






.

In the same way, the matrix associated with (~i + ~k) is

G2 =







0 1 0 1
−1 0 −1 0
0 1 0 −1
−1 0 1 0






.

Then (10) is equivalent to the vectorial recurrence

X (n) = X (n−1)G1 + X (n−2)G2,
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where X (m) ∈ R
4 represents sm as a real vector.

Now, the characteristic polynomial of B = B(G1, G2), is (x4 + 2x2 + 2x + 2)2.

Furthermore, the minimum polynomial of B is x4 + 2x2 + 2x + 2. Thus

X (m) = −2(X (m−2) + X (m−3) + X (m−4)), ∀m ≥ 4.

If, for example, s0 = 1 and s1 = 0, then X (m) and X (m+1) can be read directly from

the first row of B. �

Example: 2 We now give an example of an application of Theorem 10, with k =

2, t = 3 and G1, G2 ∈ Mat(3, Z).

Let G1 be the matrix representing the permutation (012) or

G1 =





0 0 1
1 0 0
0 1 0



 .

Let G2 := G−1
1 so that

G2 =





0 1 0
0 0 1
1 0 0



 .

Doing this, the space S = S(G1, G2) is formed by all of the vector sequences X such

that

X (m) = X (m−1)G1 + X (m−2)G2, ∀m ≥ 2

with the given initial values X (0), X (1) ∈ Z
3. The matrix B = B(G1, G2) is then

B =

(

03 G2

I3 G1

)

=















0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 1 0 0
1 0 0 0 0 1
0 1 0 1 0 0
0 0 1 0 1 0















.

Let Fn, n ≥ 0 be the usual Fibonacci numbers. It is then easy to see that

Bm =



































(

Fn−1I3 FnG1

FnG2 Fn+1I3

)

if m ≡ 0 ( mod 3)

(

Fn−1G1 FnG2

FnI3 Fn+1G1

)

if m ≡ 1 ( mod 3)

(

Fn−1G2 FnI3

FnG1 Fn+1G2

)

if m ≡ 2 ( mod 3).
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Since X (m) = (X (0), X (1))Bm, we obtain

X (m)=











(Fm−1X
(0)

0 + FmX
(1)

2 , Fm−1X
(1)

0 + FmX
(1)

0 , Fm−1X
(0)

2 + FmX
(1)

1 ) if m ≡ 0(mod 3)

(Fm−1X
(0)

1 + FmX
(1)

0 , Fm−1X
(0)

2 + FmX
(1)

1 , Fm−1X
(0)

0 + FmX
(1)

2 ) if m ≡ 1(mod 3) (a)

(Fm−1X
(0)

2 + FmX
(1)

1 , Fm−1X
(0)

0 + FmX
(1)

2 , Fm−1X
(0)

1 + FmX
(1)

0 ) if m ≡ 2(mod 3).

But cB(x) = x6 − 4x3 − 1, so we know by Theorem 8, that

X (m) = 4X (m−3) + X (m−6), ∀m ≥ 6.

That is

X
(m)

h = 4X
(m−3)

h + X
(m−6)

h , ∀m ≥ 6 with 0 ≤ h ≤ 2.

Now, we compute {X (m)

0 }m≥0 by using this recurrence. We choose the two initial

vectors X (0), X (1) and obtain

(X (m)

0 , X
(m+1)

0 , . . . , X
(m+5)

0 ) = (X (0)

0 , X
(1)

0 , . . . , X
(5)

0 )Cm, ∀m ≥ 6, (b)

where C is the companion matrix of cB(x), X
(0)

0 and X
(1)

0 are given by the initial

conditions, and, by (a),

X
(2)

0 = X
(0)

2 + X
(1)

1

X
(3)

0 = X
(0)

0 + 2X
(1)

2

X
(4)

0 = 2X
(0)

1 + 3X
(1)

0

X
(5)

0 = 3X
(0)

2 + 5X
(1)

1 .

We now consider the second order recurrent sequence Tk := Wk(1, 0; x2 − 4x − 1),

∀k ≥ 0, where m := 3k + j, 0 ≤ j ≤ 2.
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Using these definitions it is easy to see that

Cm =



















































































































(

TkI3 Tk+1I3

Tk+1I3 Tk+2I3

)

if m ≡ 0 ( mod 3)





















0 0 Tk+1 0 0 Tk+2

Tk 0 0 Tk+1 0 0

0 Tk 0 0 Tk+1 0

0 0 Tk+2 0 0 Tk+3

Tk+1 0 0 Tk+2 0 0

0 Tk+1 0 0 Tk+2 0





















if m ≡ 1 ( mod 3)





















0 Tk+1 0 0 Tk+2 0

0 0 Tk+1 0 0 Tk+2

Tk 0 0 Tk+1 0 0

0 Tk+2 0 0 Tk+3 0

0 0 Tk+2 0 0 Tk+3

Tk+1 0 0 Tk+2 0 0





















if m ≡ 2 ( mod 3).

Hence, the computation of X (m) may be easily accomplished. Let us consider the

case m ≡ 0 ( mod 3), m = 3k. Then, by the preceding results, we have

X
(m)

0 = X
(0)

0 Tk + X
(3)

0 Tk+1 = X
(0)

0 Tk + (X (0)

0 + 2X
(1)

2 )Tk+1

and

X (m) = X
(0)

0 Fm−1 + X
(1)

2 Fm.

Equating this results, we have

X
(0)

0 (Tk + Tk+1 − Fm−1) + X
(1)

2 (2Tk+1 − Fm).

However, this must be true for all X
(0)

0 , X
(1)

2 , which are choosen freely in the initial

conditions. Hence,
{

F3k−1 = Tk + Tk+1

F3k = 2Tk+1

, ∀k ≥ 0.�
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