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Introduction

Given any commutative ring R, with identity, we prove that the set of all the linear
recurrent sequences in R is an R-algebra with respect the usual termwise sum and
two different products, namely the Hadamard product and the convolution product.
This generalizes, to commutative rings with identity, the results obtained by several
authors in the case of sequences in a field (see [1],[6],[7],[9],[11],[12]). We also prove that
the resulting rings are never isomorphic, as R-algebras, for any commutative ring R.
For further results about these algebraic structure see [1],[7] and [10], where, however,
the sequences are taken in fields. Furthermore we will give explicitly characteristic
polynomials of the sum, the Hadamard product and the convolution product of any
two , or more, linear recurrent sequences in R. This generalizes to any commutative ring
with identity the results of [11],[9],[12] and [6] respectively. In spite of the generality

of the results obtained, the methods are elementary.

1. Preliminaries
Let R be any commutative ring with identity 1. A monic polynomial g(z) € R[z] of

degree k shall be written as:

k
g(x)=a* = gna* " (1.1)
h=1
Given a vector 5= (sq, 51,...,5k_1) € R* we denote by W (5, g) = W (s, 81, ..., 5k-1;9)
the homogeneous linear recurrent sequence with characteristic polynomial g(z) and ini-
tial values sg, s1,...,Sk_1, that is:
s for 0<n<k-1
W, (5, 9) = { nk . (1.2)
D ohe1 I Wanon(Sig) for n>k
Given any integer ¢, with 0 < i < k — 1, we pose
W(i; g) == W(ei; g) (1.3)
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where €; = (0,...,0,1,0,...,0), with 1 at the i-th place.

It is well known that:

Win(559) =) spWa(h;g), VYn>0. (1.4)
h=0
Let RN be the set of all the sequences in R. R, endowed with componentwise
sum and product, is an R — algebra. The componentwise product is often called
the Hadamard product and we follows this custom. We denote by Greek letters the
elements of RY. Thus o = (0,,)n>0 With o, € R. For any a € R we denote by a the
constant sequence with a,, = a.

We say that o is a linear recurrent sequence in R, if there exists a monic polynomial
g(z) € R[], such that

on = Wy(oo,01,...,0k-1;9), Yn >0. (1.5)

In this case we say that g(z) is a characteristic polynomial of o.

2. The Hadamard ring of Linear Recurrent Sequences
For any monic polynomial g(z) € R[z] let us denote by Hr(g) the set of all linear
recurrent sequences in R having g(x) as a characteristic polynomial.

As was done in [5], we define an action of R[z] on RN by:

(@"0)n = opsi (2.1)

extended by linearity. The following theorem is evident.

Theorem 2.2.
a) o € Hr(g) iff g(x)o = 0.
b) O(0) = {h(z) € R[z] : h(z)o = 0} is an ideal of R[z]. O

REMARK 2.3 If R is a field, then R[z] is a principal ideal domain and O(o) is a
principal ideal. So we can find a minimal characteristic polynomial of o. In general,
of course, this is not the case. If, for example, a # 0,1 is an idempotent of R, then
the sequence a has characteristic polynomials both x — 1 and x — a, hence it has no

minimal characteristic polynomial. [



We call Hg the set of all linear recurrent sequences in R.

Now, we shall prove that Hp is a sub — R — algebra of RYN. In doing this, we shall
give an effective (and easy to be implemented) algorithm to compute a characteristic
polynomial of a3, given any «, 8 € Hi. In order to prove what we have just said, we
need the next two results. Before, some notation.

Let B be a n x n square matrix with entries in R: B € Mat(n, R). The entries of B
will be denoted by B;; with 0 <4, j < n—1. The (¢,j) entry of B™, the m — th power
of B, shall be denoted by (B™);;. The matrix B™ is defined for m < 0 iff det(B) € R*

(the multiplicative group of the invertible elements of R).

Theorem 2.4. ([2],page 70,Th.7.23).
If cp(z) = det(xl, — B) then cg(B) =0. O

The following theorem is very easy to prove and very rich of consequences,(see[3]).

Theorem 2.5. For every matrix B € Mat(n, R) and every g(x) asin (1.1), if g(B) = 0,
then:
(B™)ij =Wn([Blij;g9), Ym>0 and 0<i,j<n-—1.

Where [B]U = ((Bo)ij, (Bl)ij, .. .,(Bk_l)ij). Furthermore, if det(B) € R*, then the
above equality is true Vm € Z. [

Note that 2.4 ensures us that 2.5 is never an empty statement.

Now, we can state explicitly and prove what we have asserted before.
Theorem 2.6. Hp is a sub— R — algebra of RY.

Proof. It should be clear that Hp is closed under the product by scalars defined above.
If 0, p € Hp have characteristic polynomials f(x), g(x) € R[x] respectively, then

(F@)9()) (0 + p) = (9(2)(F(2)0) + F(@)(9(x)p)) = ()0 + g(x)0 = 0.

Hence (o + p) is recurrent with characteristic polynomial f(x)g(z).

If o =W(ag,a1,...,aq-1;f), B=W(Bo,B1,---,0e-1;9) with deg(f(z)) = d and
deg((g(x)) = e, then, by 1.4,

d—1le—1

Tn 1= Qpfn = Z Zalﬁth(Z; f)Wn(t; g)'

=0 t=0
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We have just seen that any R-linear combination of elements of Hpr belongs to Hpg.
Thus, in order to prove that Hg is closed with respect the product defined above, it is
enough to show that W (l; f)W (t; g) € Hr, VI, t with0 <l <d—1land0 <t <e—1. Let
A, B be the companion matrices of f(x), g(x) respectively. If we pose C' := A® B then it
follows immediately from the definition of tensor product and from (A® B)" = A"®B",
that

cpy = A7 By, (),
where r = [i/e], s = [j/e] and u =i mod e, v =7 mod e, with 0 <i,j < de — 1. ([a]
denotes as usual the greatest non negative integer less or equal to a).

By 2.4 and 2.5, if we pose h(z) = ¢, (z), then (x) implies:

Wa([Clizs h) = Wa([Alrs; F)Wn([Bluv; 9)-

Theorem 1.10 in [3] shows that, if D is that companion matrix of p(x) = 2% —

k k—i -
Yoo Dixt Tl e

0 0 0 px
10 0 pr—1
D= ) ,
0 0 1 m
then
(D™)ij = Wigi(isp), Ym>0 and 0<4,j<k-—1.
Hence:

Wn([C]Z]7 h) - Wn—l—s(r; f)Wn—l—v(u;g) and Wn(l7 f)Wn(tag) = Wn([c]le—l—t,(); h) [

We state explicitly a fact which emerge from the foregoing proof.

Corollary 2.7. For any monic f(x),g(x) € R|z], it holds

Hr(f)Hr(9) € Hr(h)

where h(z) € R[x] is the characteristic polynomial of the tensor product of the com-

panion matrices of g(x) and f(x) respectively. [

The closure of Hpr under the Hadamard product is proved in [1] and in [7], where
the proofs work only if R is a field. A result similar to Corollary 2.7 is proved in [9] in

a really different way, which is heavily based on the assumption that R is a finite field.
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EXAMPLE 2.8 Let R be a commutative ring with identity 1 and o,, = W,,(09,01;9),
Tn = Wi (70,715 h) two linear recurrent sequences of degree 2 in R, with characteristic

2

polynomials g(z) = 22 — ax — b and h(x) = 22 — cx — d respectively.

Then, by Th.2.6, the sequence o7 = (0,7, )n>0 has characteristic polynomial:

z* — acx® — (a®d + b(c? + 2d))x? — abedz + b*d>.0]

1

EXAMPLE 2.9 Let a be the matrix a = <—z’ 1) € Mat(2,C) and R = Z[a]. We

consider ¢ = 2[5 —a = (1 _12

h(z) = 22 — cx — I, in R[z]. We pose 0, = W, (02, I2;9), Tn = W, (02, I2; h).

Since Z[a] cannot be embedded in a field, no previously existing method could give

) € Z[a] and the polynomials g(x) = 2% — ax — I,

a characteristic polynomial z(x) of o7. On the contrary, from the foregoing example,
we immediately get that: z(z) = 2% — 61,z + Is.

With a simple calculation (using ac = 0), we obtain:

{ 0 if n is even
OnTn = .
W, (1,5;2% — 6z + 1)I;  otherwise

3. The Convolution Ring
We denote by R][[z]] the ring of the formal power series with coefficient in R. That
is R[[z]] = {o(z) = > _yona™ : 0y, € R,Vn € N} with the usual product and sum.

RN and R[[z]] are naturally isomorphic as R — modules, by means of
0= (0n)n>0 < Z onz”, Vo e RY. (3.1)
n=0

We call this correspondence the natural one.

We say that o(z) € R[[x]] is recurrent, if the sequence o € RN, naturally corre-
sponding to it, is recurrent. In this case we say that g(z) is a characteristic polynomial
of o(x).

Let us pose Cr := {o(z) € R[[z]] : o(x) 1is recurrent}.

For any monic polynomial g(z) € R[z] we denote by Cr(g) the set of all the o(x) € Cr
with characteristic polynomial g(z).

We denote by ¢g*(x) the reciprocal polynomial of g(x).
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Lemma 3.2.

o(x) € Cr(g) & g*(x)o(x) =t(xz) with t(x) € Rlz] and deg(t(z)) < deg(g(x)).

Proof. Let k be the degree of g(z). Since: g*(z)o(x) = oo+ (01 —g100)x+ (02 —g101 —
9200)2% 4+ -+ (0h—1 =10k 2=+ - - —gr-100)2" T+ 372 (05— g10j 1= - —grOj )27,
the result is clear [

For a similar result, in the case R = GF(q), see [8], Th.8.40 at page 416.

Theorem 3.3. Cp is a sub-R-algebra of R[[x]].
In particular:
(i) Cr(g) + Cr(h) C Cr(gh);
(i) Cr(9)Cr(h) € Cr(gh);

for all monic polynomials g(x), h(z) € R[x].

Proof. (i) follows directly from 3.1 and 2.6. If o(x) € Cgr(g),7(x) € Cgr(h), with
deg(g(z)) = d and deg(h(x)) = e, then g*(z)o(z) = t(x) € R[x], with deg(t(x)) < d—1,
and h*(z)7(x) = u(z) € R[z], with deg(u(z)) < e — 1. Hence:

g (@)h*(x)(o(2)7(2)) = (9" (x)o(2))(h* (2)7(2)) = t(z)u(z),
with deg(t(x)u(z)) < d+e—2 < d+ e, and the result follows by 3.2. [

REMARK 3.4 If we recall the correspondence 3.1, then is evident that, to the product

of two formal series, say o(z) and 7(z), it corresponds the product of convolution o x T,
as it is defined in [6]. That is

(0*xT)p = Z 075, Yn>0. (3.5)
i+i=n
It follows that we have also found a generalization to any commutative ring of the
result presented in [6]. O
Of course Hr and Cg are isomorphic as R-modules. But we can prove that does not

exist any R-algebra isomorphism between Hpz and any subalgebra of Crg.
Theorem 3.6. Ifv : Hr — Cg is an R-algebra morphism, then 1) is not injective.

Proof. Let us suppose that ¢ : Hg — Cpg is an injective morphism. Let us consider
a:= (1,0,0,...) and b := (0,1,0,...) in Hp, and pose a(x) := ¥(a), B(x) := ¥(b).



Then a(z)B(x) = 0 in Cr and, by hypothesis, a(x), 5(z) # 0. Now, there exist a monic
polynomial g(x) € R[z], with deg(g(x)) = k, such that a(x) € Cr(g). Hence, by 3.2,
we know that ¢*(x)a(z) = t(z) € R[z], with deg(t(z)) < k — 1. If we remember the
proof of 3.2, then we see that: ¢(z) =0 iff ap = a3 = --- = ag_1 = 0. Thus, in this
case, t(x) = 0 implies a(x) = 0, by the recursivity of a(z), which is not the case. From
a(z)B(x) = 0, we get, multiplying by ¢*(z), t(x)B(x) = 0. This implies, by (2.9) of [4],
that there is a nonzero element r € R, such that r3(xz) = 0. Thus, again by injectivity,
rb =0 in Hp, which is absurd. [J
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