Matrices, Recurrent Sequences and Arithmetic

U.Cerruti and F.Vaccarino

Introduction

The aim of this paper is to give a method, based on linear algebra techniques,
thanks to which, the authors are also able to generalize older results on recurrent
sequences to commutative rings with identity, often giving proofs essentially different
to the ones previously given. In paragraph 2, is also proved a theorem which tells
us, in a precise manner, how an impulse response sequence determines all the others
having the same characteristic polynomial. In the third paragraph, among the other
results, two theorems are proved: the former allows to prove (in an immediate way)
a result on decimated sequences, which was given in [6], the latter gives rise to two
really surprising arithmetical applications, which are explained in the fourth paragraph.
The results here obtained are all proved in an elementary way, notwithstanding their

generality.

1.Preliminaries

Let R be a commutative ring with unity 1. Let B be a n X n square matrix with
entries in R: B € Mat(n,R). The elements of B will be denoted by B;; with 0 <
i,j <n—1. The (i, j) entry of B™ the m — th power of B, shall be denoted by B}’
The matrix B™ is defined for m < 0 iff det(B) € R* (the multiplicative group of the
invertible elements of R).

In virtue of the following theorem there exists at least one polynomial g(x) € R[x]

such that g(B) = 0.
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Theorem 1.1. If cg(z) = det(xl,, — B) then cg(B) = 0. ([1],page 70,Th.7.23). O

A monic polynomial g(x) € R[z| of degree k shall be written as:

k
glz) =" =) gna* " (1.2)
h=1
Given a vector 5= (sq, 81,...,5k_1) € R* we denote by W (5 g) = W (s, 81,...,5k-1;9)

the homogeneous linear recurrent sequence with characteristic polynomial g(z) and ini-

tial values sg, s1,...,Sk—1:

W, (5: ) {sn for 0<n<gk-1 (13)
(S 9) = . .
! Sh1 9 Wan(5g) for n>k
Given any integer 7, with 0 <7 < k — 1, we pose
W (isg) == W(ei; g) (1.4)
where €; = (0,...,0,1,0,...,0), with 1 at the i-th place.
Furthermore we set:
Umn(9) = Wi (k —1;9)
Tin(g) == Win(0; g) (1.5)
k—
Vin(9) := Y0 —o Win+n(hi 9)

Theorem 1.6. For every matrix B € Mat(n, R) and every g(x) asin (1.2), if g(B) = 0,
then:

B} = Wn([Blij;9), Ym>0 and 0<i,j<n-—1.

Where [B]ZJ = (BO Bl

i Pijo -

k—1
B,
Furthermore, if det(B) € R*, then the above equality is true Ym € Z.
Proof. Since g(B) = 0 we have B* = 22:1 gnB*~". Thus Bl = 22:1 gth;_h,
Vm > k. The result then follows from definition 1.3 with initial condition § = [B];;. If

B! € Mat(n, R), then the sequence can be extended to negative values. [



Corollary 1.7. In the same hypotheses of 1.6:

B™ =W (0;9) Ly + Win(1;9)B+ - - - 4+ Wy (k — 1;9) B, vm > 0. (1.8)

Proof. Indeed 1.6 may be written B} = Z;(l) W (h; g)BZhj. O

Let now A be the companion matrix of g(z):

0O 0 ... 0 g&
[
00 ... 1 g
so that g(A) = 0.
Theorem 1.10.
Al =Wiyi(izg), Ym>0 and 0<i4,j<k-1 (1.11)

If g, € R*, then 1.11 is true Ym € 7Z. furthermore:

Un(g) = Ao
T (9) = Ao (1.12)
Vin(g) =Tr(A™)

Proof. The 1.11 is true for m = 0. The result follows by induction on m, computing

AmA = AL
Wi (05 9) Wint1(0; 9) e Win+k—-1(0; g) 0 0 0 gk
Win(159) Wint1(1; 9) e Wintk—1(1;9) 10 0 gr—1
. . . . X .
Win(k=1;9) Wii(k—19) ... Wpye1(k—19) 00 ... 1 @

We remark that 1.11 was used without proof in [5].

Corollary 1.13. Let us suppose g(B) = 0 and A be the companion matrix of g(z).

Then:

(]

k—1
Bg:ZBhAg;—t, Vm>k,0<i,j<n—-1 and 0<t<k-1.
h=0
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Proof. By 1.6 and 1.10. O

2. AMA" = Amtn
Theorem 2.1. If W (i;g) is defined as in 1.4, then:

n+m 1 g ZWnJr] h 1 g erh(j g) (22)

Vn,m >0, with 0 <i <k —1 and 0 < h < n. furthermore if det(A) € R*, then 2.2 is

true for any n,m € 7Z.

Proof.
Let A be the companion matrix of g(z) as in 1.9. If we recall 1.10, then the thesis
follows since A™™"™ = A™A™ ¥n,m >0 (Vn,m € Z, when A~ is defined). O

Corollary 2.3. With the same hypotheses of 2.1:

Win(i59) = Win—1(i = 1;9) + gr—iUm-1(g) ¥m>1 with 1<i<k—-1. "~
Proof. To prove 2.4 apply 2.2 to A™ = AA™~!. O
Corollary 2.5. With the same hypotheses of 2.1:
9) =Y Gk-i+iUn-j-1(9), ¥Vm>k. (2.6)

Proof. The equality 2.5 is obtained applying 2.4 iteratively until one of the decreasing

indices becomes zero. U

Corollary 2.7. If W (8§, g) is defined as in 1.3, with the same hypotheses of 2.1, then:

Zgh Un-n(9), Ym >k (2.8)



where
k—h
gn(8) = Z Sjth-19k—j, with 1<h<k. (2.9)
5=0
furthermore:
k
9:Wm(5:9) = gn(8)Tm-ny1lg), Vm > k. (2.10)
h=1
Proof. Since
k—1
Wi (8 g9) = Wi (i;9)Wi(8,g9), ¥Ym >0, (recall 2.2)
i=0
then, Vm > k:
k—1 i k k—h
Win(59) =Y 5iQ_ gk—it;Um—-1(9) = DO 854n-195—1)Um-n(9).
i=0 ;=0 h=1 j=0

To prove 2.10 is enough to recall 2.4 and to substitute in 2.8. [

Equations 2.6 and 2.8 show that every recurrence with characteristic polynomial
g(z) is completely determined by the impulse response sequence U(g(z)).

REMARK 2.11 If we pose k = d and g; = r;_1, with 1 < ¢ < k, then the sequence
{U,} introduced by Waddill in his quoted paper (see [7]) at page 602, before (3), is
related to our {U,(g)}, given in 1.5, by means of U,, = U,,+1(g), Vn > 0.

Thus (3) of Waddill becomes:

Jj—1 j—1
Unm = Zrd—i—lUn—j—i—l—l—i = Z gk—j+h+1Un—h+1(g> = Wn+2(j - 1?9)-
i=0 h=0

This agrees with the fact that, under the above assumptions, A = pR!p, where R?! is

the transposed of R and p is the k x k matrix

00 ... 0°1
00 ... 10
:Z'ZZ'D
10 ... 00

REMARK 2.12 Note that:
{ 91(5) = Wi(5: 9)

) ) ; ) _ O (213)
Gi+1(8) = Wiy (559) = > 11 Wiy j—i(55g) for 1<j<k-—1
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Corollary 2.14. If [B];; is defined as in 1.6, then

k
B =Y gn([Blij)Um-n(g), ¥m >k.O (2.15)
h=1

3. (An)m = Amn

We shall use now the matrix identity (A™)" = A™". Let A be the companion matrix
of g(w) = ¥ — Y, gia*i.
Theorem 3.1. If B= A", then, Vn >0 with 0 <i,5 <k —1:

k—1

Wmn+j(i§9) = Wn([B]ij§ cB) = Z Whm+j(i§g)Wn(h3 cB) (3.2)
h=0

where cp(x) is the characteristic polynomial of B.

Proof. Observe that

Winn; (i3 9) = A" (by 1.11)

= (Am)?j = Bj: = Wi ([Blij;cg). (by 1.6)

Furthermore

Wi([Blij;cB) = Wn(A?j, Al A;?(k_l); cg) = h;é A?ijn(h; CB)

= Y ho Whm+i (i )Wa(hsep). O

The foregoing theorem generalizes the following well known fact about usual gener-
alized Fibonacci numbers: if deg(g(x)) = 2, then, Vm,n > 0, U,(g) divides Uy, (g).
Note that 3.1 tell us which is the quotient U,,,,(g)/Un(g) as it is shown in the following

corollary.

Corollary 3.3. Let g(x) = 2? — ax + b, then



where h(z) = 22 — V,,(g)x + b™.

0
1

result follows immediately by 3.2, applied with j =0 and ¢ =1. O

Proof. In this case A = ( _ab) and cp(z) = 22 — Tr(A™)z + det(A™). Thus the

We denote by greek letters the sequences in R, i.e. the elements of RY. Thus
0 = (0n)n>0 with o, € R. We say that ¢ is a linear recurrent sequence in R if there

exists a monic polynomial g(z) € R[z], g(z) = 2% — 21521 giz*~% such that
o-n:Wn(o-an-la"'ao-kfl;g)a vn > 0.

In this case we say that g(x) is a characteristic polynomial of 0. Now, let o = (0,)n>0
be any linear recurrent sequence in R with characteristic polynomial g(x). If we fix m >
1, then the sequence o(™) = (afzm))nzo = (Omn)n>0 is called decimated sequence ([3]).
The decimated sequence is again recurrent with a different characteristic polynomial.
The problem of finding a characteristic polynomial of o(") has been considered in 2]

in the case of fields. We can now give a quick way to find such a polynomial over any

commutative ring R.

Corollary 3.4. If 0,g(z) and ("™ are defined as before, then a characteristic poly-
nomial of 0™ is cp(x): the characteristic polynomial of B = A™, where A is the

companion matrix of g(x).
Proof. Tt follows immediately by 3.2 with j = 0. U

The same result of 3.4 has been found in [6] in different way.

Note that we could obtain decimated sequence with prescribed characteristic poly-
nomial g(z) from a sequence to be determinate, if we are able to compute the m-th root
of the companion matrix A of g(z). Indeed, if B™ = A, then we obtain A" = B™";
thus the sequence W), (i; g) is obtained by decimation from a sequence of characteristic

polynomial cg(z).
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EXAMPLE 3.5 Let A = (1

_31) be the companion matrix of g(z) = 2% — 3z + 1.

If B= (_11 _21) —I + A, then B? = A and cp(z) = 22 — x — 1. Tt follows that:
vn 2 0, Un(g) = Ugn(CB) = F2n|:|

If two matrices M, N commute, then the identity
(MN)* = M"N" (%)
gives interesting relations between recurrences with different characteristic polynomials.

Theorem 3.6. If M, S € Mat(k: R) with MS = SM and T := M S, then

T)ijsh ZW Ji; g)Wa([Slij592), VR >0

where h(z),g1(z),g2(z) € R[w] are monic polynomials such that h(T) = g1(M) =
gg(S) =0.
Proof. Tt follows immediately from (*). O

We shall give a noteworthy application of 3.6. in the second part of 4.

4. Two Arithmetical Applications
Application I
Here we shall apply formula 2.8. We prove the following Theorem.

Theorem 4.1. Given k > 1, then there exist k + 1 easily computable integers v( )

1 < h<k+1, such that:

G k) (n—h
k k
_— Z- 4-2
n hglvh ( i ), Vn € (4.2)

Proof. Let us consider the impulse response sequences U(g*)(x)), where g(¥)(x) :=

(x — 1)k =aF - Zh 1g(k) #=h_ Then g(k) = (=1)h"t (,’j) It is easy to prove that

Un((x —1)F) = (k ﬁ 1), VneZ, Vk>1. (%)



Let 7 be the vector (0,1,2%, ..., k*).

Then it is clear that n* = W, (5®; (x — 1)*+1). Hence, by 2.8 and (*):

k+1 _h
nkF — Zg(k—f—l) —'(k)( . )’ Vn € Z, (s5)

depends only by k. Indeed:

where g( Jr1)(_’““))

k—ht1
gD G0y = Z (G +h— 1)k(—1)k—I (k:fl), with 1<h<k+1. O (x*%)

i=0 J

EXAMPLE 4.3 If k = 3, then equations (*x) and (* * %) give:

-1 n—2 n—3 n—4
3 _gaf" ~ 131 1 —9 7.0
n 6 3 3 3 + 100 5 7 3 , Vne€

REMARK 4.4 For fixed k the equation 4.2 can be reduced to a linear system. For

example, if £ = 3, then we obtain:

o® 1o 4o 4o — 6
2v§3) + 31)(3) + 4v§3) + 50(3) =0
11083 + 26087 + 470 + 740 = 0
“”) + 408 + 10087 + 200 = 0

(s * *)

whose solutions are, of course, (64, —131,100,—27). It is quite not obvious the fact

that a system like (x * *%) have solutions and that these are integral.[]

Application IT
Now we shall apply Theorem 3.6.

We use circ(a, b, ¢) to denote the left circulant matrix with first row (a, b, c).

Theorem 4.5. Let us pose:
h(z) := 2% — 3(a® + b + )22 + 3[a* + a?(b — ¢)? — 2ab(b + ¢) + b* + b?c? + )z +
a® — 6a*be + (2a3 — 6abe) (b + ¢)(b® — be + ¢2) + 9a?b%c? + b5 + 2033 + ¢5;

g(z) := 23 — 3ax® + 3(be — a®)z + a® — 3abc + b3 + ¢3;
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1,a% + 0% + 2, (a® + 2bc)? + (b? + 2ac)? + (¢ + 2ab)?);

=
51 := (1,a,a® + 2bc);
:= (0,b, ¢ + 2ab);
:= (0, ¢, b% + 2ac);
with a,b, c € Z.

Then:

Wi (503 h) = Wi (515 9)% + Wa(52; 9)° + Wa(Ss39)%, ¥n > 0.

Proof. Let us pose M := circ(a, b, c), S := circ(a,c,b), T := MS. We have MS = SM
and M™ = circ(W,,(51;9), Wn(52; 9), Wn(33;9)), S = (M™)T, the transpose of M".
Now, h(z) = cr(x),g(x) = ep(x) = cg(z), and the result follows by 3.6, computing
W ([T)oo; h). O

Hence, every element of the sequence W,,(Sp; h) is the sum of three squares.
In some cases the numbers W, (5p; h) can be given in closed form, as we see now.
Let 7,5 € Z and let we pose A(r,s) := 72 + rs + s2. The following Lemma is easily

proved by induction.

Lemma 4.6.

W 1(2A(r, s),6A(r, 5)% (x—3A(r,s))?) = 2-3"" 1 A(r,s)", Vr,s€Z and Yn>1. O

Theorem 4.7. Let us pose:

u(x) == 2% — 3rx + 3A(r, s);

to == (r,72 — 2rs — 25%);
t1 = (5,72 4 4rs + s2);

ty = (—r —s,—2r% — 2rs + 52);

then:

2-3"71 A(r, 8)" = Wy (To;u)® + Wi (f1;u)? + Wy (Easu)?,,  Vn > 1.
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Proof. We pose in Theorem 4.3 the values: a = r,b = s,c = —r — s. Then: h(z) =
z(x — 3A(r,s))? and g(z) = x(x? — 3raz + 3A(r, s)). Hence it is enough to use second
order recurrences, starting a step later. Finally, we use 4.6 and the result follows by

4.5. [

REMARK 4.8 It is well known that every number M not of the form 4™ (8m+7) can
be expressed as a sum of three squares. It is in general quite difficult (see [4]) to find
an explicit expression of M as a sum z? + y? 4 22. Thus, results as 4.5 and 4.7 are
really interesting. Furthermore we do not know any other example of a second order

recurrent sequence, such that every element is a sum of three squares.[]
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