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1 The basic theorem

Let G = (G, *,e) be a finite group with support G = {g1,92,-..,9n}, OD-
eration * and identity element g; = e. The aim of this paper is to find

recurrences for the number N (T, k, a) of solutions of the equation:
T1*To*k ... *xT = Q

where a € G and the variables z; are limited to belonging to a given subset
T of GG. Let 6 be the left regular representation of GG extended to the group
algebra ZG. If T' C G we pose y(T') = X jer g € ZG.

We begin with the basic result:
Theorem 1.1 Given T C G, let A=0(y(T)) € Mat(n,Z). Then:
1. N(T,k,gj) = A’f’j.
2. The sequence N(T,k,g;), k € N, is linearly recurrent with character-
istic polynomial f(z), where f(z) is any polynomial s.t. f(A) = 0.
Proof

1. Let T ={9i,, Giny- -+ i, }-

(VD)F = (giy + i + -+ 9i) =Y. N(T', k, g;)9;

J=1



in Z@.

Applying 6 on both sides:
A¥ =3 N(T\k, g;)0(9;)-
j=1

The first row of 6(g;) is (0,...,1,...,0) with 1 in the jth place and 0

elsewhere, and the result follows.O

2. By Theorem 1.6 in [3] the sequence Afj ( for fixed indices 7, 7) is linearly
recurrent with any polynomial f(x) s.t. f(A) = 0 and initial values

AV AL

ijr gt

A?}‘l (if deg(f(z)) =m).0
Example 1.2 Let G = S, (the symmetric group of degree n), T={n—cycles},
a € T. By Corollary 4.2 of [5]

N(T,k,a) =n!" (n — 1)IF 3" (=1)"ED ! (1)

We know from Theorem 1.1 that this sequence is recurrent. We now find
a characteristic polynomial. If n is odd, collecting some terms, we can

rewrite (1) as:

N(T,k,a) Z Cul(=1)"hl(n — h — 1)) (2)



where the coefficients Cj, are rational numbers. From equation (2) and The-

orem C.1. of [6] we see that the sequence N(T,k,a) is recurrent with char-

acteristic polynomial of degree nT—l—l
nT—l
foaa®) = T (z = (=1)"nl(n — h —1)!)
h=0

For example if n = 7 N(T,k,a) is linearly recurrent of fourth degree with
characteristic polynomial z* — 61223 — 8092822 + 2073600z + 149299200 and
initial values {1,180, 153072, 106173504 }.

Let us suppose now that n is even. Of course, in this case, when k is even
N(T,k,a) = 0. We consider the subsequence formed by the terms with k

odd, k = 2s + 1. From equation (1) we obtain:
n—1
N(T,2s+1,a) = > Dy[[(=1)"hl(n — h — 1)1]*]*
h=0

which can be rewritten as

0|3
I
_

N(T,2s+1,a) = > Dp([h!(n —h —1)1]?)".

>
I

Then the subsequence N(T,2s+ 1,a), s =0,1,..., is recurrent with charac-

teristic polynomial

(NI

feven(n) = 1:[ (x — (h!(n —h —1)H?)
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of degree % For example if n = 6 N(T,2s+ 1, a) is recurrent of third degree
with characteristic polynomial z3 — 1512022 + 104509442 — 1194393600 and

initial values {1, 5040, 69237504}.

2 Smaller degree of recurrence

As we have seen the sequence N(T,k,a) is always linearly recurrent with
degree at most n = |G|, for any subset 7" in which we confine the variables
T1,T2y...,Tk.

Sometimes we can find recurrences of lower degree.

Definition 2.1 A partition T = {11, Ts,...,Tn} of G is said to be closed if
Vh,k € {1,...,m} the set-product Ty, x Ty, is a disjoint union of elements of

T.

We can write
Y(Th) * v(Ty) = Z NV (T,

in the algebra ZG, where Aj, is the number of solutions of the equation
r*xy =g where x € Ty, y € T}, g € Ts. This number does not depend on g

itself but only on the fact that g € Ts. Then A;, = N(T},2,¢g), with g € T.



Of course

V(Th) * V(Th) *oox P)/(Th) = Z N(Th> k? gs)Ts where gs € Ts.
k times
We abbreviate N(Tj, k, g5) to N(h, k, s).

Now let A, = 0(y(Ty)), h = 1,...,m. Then the set A = {A, : h =

1,...m} satisfies:

> A, =J where J is the all one matrix. (3)
h=1

There exist natural numbers Aj, s.t.
& m
AE =570 A, (4)
s=1

The numbers \;, are those we are searching for, i.e.

%:imwm&. (5)

s=1
If we compute A¥, the k — th power of A, the number N(h, k, s) appears in
the places of the first row of AY where A, has ones.

Let us define the set of matrices B, B = {B, : h =1,...,m} where
(Bhn)i; = X.;. By the following theorem we obtain recurrences of degree lower
then |G| when T is an element of a closed partition.
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Theorem 2.2 Let T), C G be an element of a closed partition 7. Then the
sequence N(Ty, k, q), g € G, satisfies a recurrence of degree at most m = |T |

with characteristic polynomial any polynomial f(x) s.t. f(Bp) = 0, where

the matriz By, is defined by: (Bp)i; = Xb..

Proof Again by Theorem 1.6 of [3] it is enough to prove that N(T},n+1,g) =
(B )pe for every h = 1,....,m and n > 1, with ¢ € T;. We prove it by

induction.
For n = 1, N(h, 2,t) = /\Zh = (Bh)ht'

Let us suppose N(h,n,t) = (B} ).
Then:

(Ap)" =Y N(h,n,t)Ay => (B e As

t t
and

(A" = (B mwdnAr =D (B i As =

t t,s

S (B ) n(Br)isAs =Y (B))nsAs.

t,s s

It follows that (B})ns = N(h,n + 1,s) by equation (5) and the inde-

pendence of the A,. O



Corollary 2.3 Let G and H be respectively a finite group and an automor-
phism group of G. Let O = {O1,04,...,0,,} be the set of orbits and let
N(h,k,t) be the number of solutions of 1 * xa * ... * x), = g, with z; € Oy,
and g € Oy. Then N(h, k,t) is linearly recurrent with characteristic polyno-

mial of degree at most m.
Proof It follows from Theorem 2.2 and the fact that O is a closed partition.O

Remark 2.4 1. In the case of Corollary 2.3 the matrices A; form an
association scheme (see [1]), where A) = A, and A, is the matrix

corresponding to the orbit O, = O;*.

2. The characteristic polynomial can be computed as the minimum poly-

nomial of the matrix Bj,.

3. The set of conjugacy classes is a well-known example, with H = Inn(G).
Examples 1.2 and ?? fall in this case, where conjugacy classes are those
of n-cycles and transposition. Let us observe that from Theorem 1.1
we could only suppose a recurrence of degree n! = |S,,|. Instead from
Theorem 2.2 and Corollary 2.3 we know that the recurrence degree for
equations in S,, with variables constrained in conjugacy classes is at

most equal to the number of partitions of n.



3 Cyclic groups and random walks on the cir-

cle

Let Z,, be the additive cyclic group Z,, = {0,1,...,n—1}, and Z; = Aut(Z,).

It H < Z; acts on Z,, we get m orbits:

with a set of representatives R = {go = 0,1 = 1,92,...,9m—1}. We know
that 7 = {O(g:), 0 <i <m — 1} is a closed partition.

Let now consider the special case H = {£1}.

If n is odd we have _n—QH orbits with R34 = {0,1,.. ., _n;l} and if n is
n+2 . . n
even we have N orbits with Reven = {0,1,..., 5}.
Let z be the n x n circulant matrix with first row [0,0,...,0, 1], that is
the permutation matrix corresponding to the n-cycle (1,2,...,n).

The adjacency matrices of the well known ”polygon scheme” determined

by the action of H are:

1. if r is odd

n—+1

Ay=1,, Ay =2"+zTfor1 <k<



2. if r is even

n 2
2, Ak:zk+zkfor1§k§n; .

o
o
I

é\q

N
[NIN
I
N

We divide the circle in n equal parts labeled 0,1,...,n — 1.

Let P(k,a) be the probability that we get the vertex a starting from
0 and flipping k& times a coin to decide if to move one step clockwise or
counterclockwise.

Of course

Theorem 3.1 Let g(z) = 2™ +biz™ ' +... 4+ by, be the characteristic poly-
nomial of By.
The sequence P(0,a), P(1,a),...,P(k,a),... is recurrent with polyno-
maal:
m o bh m—~h
fl@)y=am+) TR
h=1
Proof From proof of Theorem 2.2 we know that we find P(k, a) in the first row
1

of ( 531)"5 . The result follows because if g(z) is the characteristic polynomial

of By then f(z) is the characteristic polynomial of %BLD

10



Example 3.2 Let n = 7. The matrix %Al is the double stochastic transition

matrix of the Markov chain associated with this random walk (see [4] p. 82).

020000 3
1030000
02035000
Adi=1loo0io0oioo
000304120
0000203
1000040
C= %Bl is the stochastic matrix
05 00
o 1030
0303
00 3 3

We find P(k,0), that is the probability that we come back to the origin 0
after k steps, in the place (1,1) of C*.
From Theorem 3.1 the sequence P(k,0), k € N is recurrent with polyno-

mial z* — %x?’ — 2+ %x + % and initial values {1, 0, %, 0}.

11



This recurrence sequence is convergent to % (in general the first row of

C* converges to (%, %, e %), i.e. Va limg_ o P(k,a) = %)

The polygon scheme is a particular polynomial scheme. Then the matrix B,

is tridiagonal and has the form

x 1 11
Bi={00 ...01 (6)
2 1 1 %
for n odd, and
* 1 1 2
Bi=400 ...00 (7)
21 ... 1 «

for n even (see [1] for the notation).
Let Bf") be the tridiagonal matrix of the polygon scheme with n vertices,
and ¢, (x) be its minimum polynomial.
3] 2mh

gn = H(a:—2cosT) (8)

h=0

We now see that g, can be easily computed by recurrence.
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Theorem 3.3 The sequence g,(x) is recurrent with polynomial
y' -yt + 1 9)

and initial values {go(z), g1(x), ga(x), g3(2)} = {0,z — 2, 2% — 4,2* — z — 2}.

Proof
X C1 Co Cq—1 Cq
B£n) = 0 a; az ... Qg—1 Qg (10)
k bl bg bd,1 *
where
01:CQZ...:Cd,1:1,&1:a2:...:&d,1207
k:2761262: :bd71:17

and for n odd:
cg=1l,a=1,n=2d+1
for n even:
cqg=2,ag =0,n = 2d.

Let us consider the sequence Fy(z) = 1, Fi(z) =z + 1, Fi(z) = (v — k +

bi1 4+ ci)Fis1(z) — bimicim Fio(x).

13



Then ([1] pag 202):

(x = 2)Fy(x) = gn(z).
If n is odd we have
-Fi = xFZ-_l(x) — FZ‘_Q(ZE) (1].)

Vi, 2 <1 < d, which implies immediately

gn(2) = Tgn—2(2) — gn-s(2), (12)
and (9) is proved.
If nis even eq. (11) holds true Vi, 2 < i < d,but Fy = (z+1)Fy 1—Fy o =
xhg + Fa1 — Fys.
Then
(x —=2)Fy=(z —2)(xFy_ 1 — Fy o)+ (x —2)F; 4
that is
gn(2) = gnt1(x) + gn-1(2) (13)

with n = 2d. Hence

TGdn—2 — Gn—q = x(gnfl + gn73) - (gn73 + gnfS) = Gn+1 + Gn—1 = On (14)

by (13) and (12).0
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Of course the sequence gi(z) has a geometrical meaning only if £ > 3; we
have extended it adding go(x), g1(x) and go(z) by computing the recurrence

backward.

Remark 3.4 Let FFVeN = (53‘12) and FdOdd = (gjd_—gl) Theorem (3.3) is
equivalent to say that the sequence FFVER, FEVEN and F(?dd, Ff’dd, ..

are both recurrent with characteristic polynomial y* — zy + 1, with initial

values respectively {1,z + 1}, {0,z + 2}.

Theorem 3.5 Let C be the matriz

r+1 x+2
-1 -1

Then the first row of C¢ is
[FdOdd, Fdeven] vd > 0.

Proof
The characteristic polynomial of C' is y* —xy+1 which is by theorem (3.3)
the recurrence polynomial of both £94d and F$Ve. Then the result follows

from Remark 3.4 and Theorem 2.5 of [2], where the ring R is Z[z].0

Corollary 3.6 The first row of (x — 2)C? is [gags1(), gaa] Vd > 0.
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4 Dihedral group

Let D,, be the group of symmetries of a regular polygon D,, = {p*, 7p*, k =
0,1,...,n—1}, where n is the number of sides of the polygon, p is a rotation
of 2% and 7 is a reflection.

When n is odd, the regular representation 6 is a direct sum of irreducible
representations: 6 = ;1 + Y9 + 201 + 2¢0 + ... + 2¢nT_1 where 17 is the
trivial representation, vy is the alternating representation and ¢; is the two
dimensional representation such that

k0 0 o'k o

oi1(p*) = oi(rpt) = , @ = exp—
0 Oéflk Oélk 0 n

If nis even 6 = 1/)1+¢2+¢3+¢4+2¢1+2¢2+...+2¢%2 where

U3(p) = Ya(p") = (=1)" and Y3(7p") = (=1)*, ¢u(7p") = (=1)*1.
Let us now consider the case of two reflections, that generates D,,, 7 and

Tp, i.e. suppose T' = {7, 7p} and a € D,,.

Theorem 4.1 1. The sequence N(T,k,a) is recurrent with polynomial

2
G2 (2)
pn(x) = x2”_ 1 (16)
2. The sequence p,(x) for n =1,2,... is recurrent with polynomial
yt— Pt + (227 — 2)y* — 2Py + 1 (17)
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and initial values {x* — 4, x* — 42, —4+ 92 — 6% + 25, —162% + 202" —

820 + 2%, —4 + 2522 — 50z + 352° — 102% + 210}

Proof

1. From the decomposition of 6, if n is even

N

n—

pu(7) = 2% (2 — 2)(z + 2) ﬁ[(xQ — 4 cos? ?)2 (18)
and if n is odd
pn(z) = (x—2)(x+2)ﬁ(x2 — 4 cos? ?)2 (19)
h=1

Collecting appropriate terms and using equation (8) we find (16).0

2. By remark 3.4 p,(x) = —ilg (F¥" ()% In the ring Z() ;;g Is

constant and the sequence p, () is recurrent with the same recurrence
of (F¥V®(x))%. By the same remark FSV!(z) is recurrent with poly-
0 —1

nomial y?> — xy + 1 whose companion matrix is C' =

1 =z

By Theorem 2.6 of [2] (ESV™(x))? is recurrent with the characteristic
polynomial of the Kronecker product C'® C, that is y* — y3z?* + (222 —

2)y? — 2y + 1.0

17



For example if n = 7 the sequence N (T k,e) is recurrent with polynomial
—4 + 492% — 1962 + 29425 — 21028 + 77210 — 1421? + 2! and initial values
{0,2,0,6,0,20,0,70,0,252,0,924,0, 3434}.

We consider now the case of the basic rotation p and the reflection 7, i.e.

T={p,7} and a € D,.
Theorem 4.2 1. The sequence N(T,k,a) is recurrent with polynomial

odd;,\ _ 9 __u
) = 2 (20)

if n is odd and

if n is even.

2. The subsequences pg;ﬁ and pSYe" are recurrent with polynomial

yt — Pt + (22° — 22%)y® — 28y + 2° (22)

and initial values respectively {x? —2x, —22% — 321 + 25, — 225+ 52° — 52 +
210 =227 — T2® + 1421 — 7212 4 21} and {—42° + 28, —42°% + 92® — 6210 +

212, —16219 420212 — 8214 + 216, 4210 + 25212 — 502 + 35216 — 10218 + 220}

Proof

18



1. From the decomposition of 6§, we find

n—2

2 2
pgven(x) — xQ(x —2)(z+2) H a:Q(x — 2 cos Lh)Q (23)
h=1 "
and
= 2
P20 (@) = ol — 2) T] a( — 2008 202 (24)
h=1 "

Equations (20) and ( 21) follows from (8).0

2. In thering Z[z] pggcll(x) is equal to 2(z—2) multiplied by (FOdd(z))2z2.
Now (F' SOdd (x))? is recurrent by characteristic polynomial y* — y3z% +
(222 =2)y? —2*y+1 = u(x) and z* by y—x?. We use again Theorem 2.6
of [2]: the characteristic polynomial of 22U, where U is the companion
matrix of u(x), is precisely y* — y3z* + (22° — 22)y? — 28y + 25.

The same holds for pS¥Ye!(z).0

For example if n = 7 the sequence N (T k,e) is recurrent with polynomial

227 — Ta® 4+ 14210 — 7212 4+ 2™ and initial values
{0, 1,0,3,0,10,1,35,9,126, 55,462, 286, 1717}.

If n = 8 the sequence N (T, k, e) is recurrent with polynomial —16x'°+2021%—

8z + 2% and initial values
{0, 1,0,1,0,3,0,10,0, 36,0, 136, 0, 528, 0, 2080, 0, 8256}.
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