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Abstract—In this paper we present a new framework to % >é E
analyze the behavior of evolutionary2 x 2 symmetric games. The vyihn f

proposed approach enanbles us to predict the dynamics of the
system using the parameters of the game matrix above, without TABLE |

dealing with the concepts of Nash equilibria and evolutionary THE GENERAL PAYOFF MATRIX FOR A SYMMETRIC2 X 2 GAME.
stable strategies. The predictions are in complete accordance with
those that can be made with these latter concepts. Simulations
have been performed on populations with spatial structures,

and show a good agreement with the model’s predictions. We
also analyze the dynamics of a particular system, showing how

effectively the framework applies to it. resulting strategies are mixed. A strategy is represented as a

binary chromosome of fixed length: the binary string is
I. INTRODUCTION decoded into an integer value that is then dividecby- 1,

Harrald [1] used genetic algorithms as evolutionary dysO to obtain the actual value of the strategy. In a panmictic
namics and gives a representation of players with limitdéi€., not spatially distributed) population, each agent in the
memory in repeated games. His approach is based on binB@pulation plays against each other agent in a repeated game
representation of mixed strategy players and is extendedf@i a fixed number of iterations, obtaining a total payoff
order to use deterministic finite automata for these gamégpresenting his fitness. During a game, each player determines
Starting from this approach we introduce a different and, fis moves randomly choosing between the two actiéhs
some sense, more natural representation for players and & Y with the probability encoded in his chromosome. By
able to give an elegant analysis of the game evolution. Finalfpurnament selection, couples of parents are selected according
we implement this framework using both Matlab and C+o their fitness values. Two offspring are obtained from each
and compare the results. The structure of the paper is gRuple of parents using one-point crossover, and each bit of
following: in Section Il we recall some fundamental notions dtheir chromosome is mutated by standard binary mutation. The
evolutionary game theory and present Harrald’s contributiofbtained offspring population is then considered as the new
in Section Il we discuss some of Harrald’s assumptions af@pulation of the next generation.
present our approach. In Section IV we introduce a spatiallyWe consider symmetric bimatrix gamés(1, .S, w), where
structured evolutionary algorithm and give a formal descriptioh= {1, 2} is the player set, consisting of two playessis the
of the evolutionary system. Section V is devoted to thgure strategies space andis the combined payoff function
simulation analysis and conclusions are given in Section \fully represented by the associated payoff matrix p&irC'),

The Appendix concerns some consequences of floating powitereC = RT ( see [2] for details). As usual, the set of mixed
arithmetic error we encountered in our implementations.  strategies for player is denotedA; and, since we restrict our
attention to symmetric games, it holds:= A; = A,
[l. PROBABILISTIC PLAYERS i i . )

, ) , In this class of games we define tegmmetric Nash equi-

Let's consider the general form of2x 2 symmetric game yiniium as any strategy paitz, y) € A2 such thatz € 3 (y)
where the two players always choose from the same acti dy € 3 (x) where 3 (-) is the best reply correspondence,

set, say{.X, Y}, with the payoff matrix as depicted in Table, nich maps each mixed strategy to the facefofwhich is
l. : )
spanned by the pure best reply to Finally an evolutionary
In [1], Paul Harrald proposed an approach based on pro able strategyESS) is a strategy: € A such that for every

bilistic strategies. A player’s strategy is no longer determini§—trate there exists some. € (0.1) such that for all
tic, and becomes a probability of playing actiah regardless ce (Oggy)yii ﬁoIdS' & €01
) Sy .

of the past actions played by both players. With the exception
of the cases where the strategy probability is eitbdi.e.,
always play actiorl’) or 1 (i.e., always play actionX), the z-Rley+(1—€)z)>y-Rley+ (1 —€)x)



X Y

[1l. PROBABILISTIC PAYOFFS < Ta 0

Two main criticisms can be raised to Harrald’s evolutionary Y|]O0 b
machinery: TABLE II

e Since a p|ayer has no memory of the previous mMOovVE$E GENERAL PAYOFF MATRIX FOR A REDUCED SYMMETRIC2 X 2 GAME.
in a game, there is no need to make each couple of
opponents play all the iterations of a game. In fact, given
a big enough number of play iterations, if we denote the

probabilities of the two playersl and B with p4 and the case of a reduced symmetric game, the expected gain of

pp respectively, then we can approximate the expecteghyeri playing against agent at generatiort is
gain of playerA according to the game described by the

matrix in Table I by the expression: G(i,j,t) = api(t)p;(t) +b(1 — pi(t))(1 = p;(t)),

epapp+gpa(1—pp)+h(1—pa)pp+f(1—pa)(1—pp). thus, following the same reasoning done for equation (3), the
(1) fitnessf(i,t) of agenti at generatiort is given by
o The binary representation of the probability could not o _ o
be the most suitable one (for a complete discussion on 1) = api(O)U) —pilt) +
the representation choice see, for example, [3]). Other +0(1—pi(t)(N —=1-U(t) +pi(1). (4)

possible representation could be better suited, such as thﬁt generatiory, let's define the mean ageptt) of popula-

rre]al ngn;ber one, as suggested by the author himself,jg, P(t) as the mean of the probabilities of thé agents of

the art_lc €. ) o , ] _ the population, i.ep(t) = U(¢)/N. If we replace in equation
Concerning the first criticism, let's consider a populatiofy) the value ofp; (t) with the value of the mean ageptt),

P(t) of N probabilistic players at generatierand denot®;, and we divide by the constant factof — 1, we obtain the
the agenti's probability of playing actionX. The expected expression

gain of playeri, when playing with ageny, follows from
expression (1): F(p,t) = (a+Db)p(t) —2bp(t) + b, (5)

G(i,j,t) = epi(t)p;(t) + gpi(t)(1 —p;(t)) + proportional to the fitness of the mean agent at generation
+ h(1 = p(£))p;(t) + F(1 = pi(£))(1 = p;(2)) This equation determines a parabola with verteat abscissa

" b/(a+b). Note that this value coincides with the value of the
therefore, the fitness (i.e., the sum of his payoffs against agme_

other agents in the populatiorf)i,¢) of agent: at generation  The selection pressure of an evolutionary algorithm evolving

tis this kind of agents’ strategy will drive the mean agent of the
f(it) = ZG(i’j’ 1. ) population towards higher values on the parabola described by
por equation (5).

It q h fth babiliti £ all ol i th According to the possible values of the matrix parameters
we denote the sum of the probabilities of all players in t &€ andb in a reduced symmetric game we have the following

population at generatiohwith U(¢), equation (2) becomes four cases:

fG@,t) = epi(t)(U() —pi(t)) + 1) botha andb are positive: the parabola is concave and
+ gpi(t)(N — 1= U(t) + p; (1)) + the evolution will depend from the mean ageit0) of
o . the initial populationP(0); if 5(0) < b/(a + b) (the

+ (L= pi)U) = pilt)) + vertex of the parabola, i.e., the value of the game), then
H A =pi@)(N =1 =U(t) +p;(t)- 3) the evolution will be driven toward actio¥; otherwise

Equation (3) gives an effective way of calculating the fitness  the evolution will be driven toward actioX (see Figure
of an agent of a given population without having to perform 1(a));
the actual games between the agent and all the other agen® « is negative and is positive: the parabola is decreasing
in the population. in the interval [0,1]. Therefore, whatever the initial
It is well known (see for example [2]) that evefyx 2 population is, the evolution will be driven toward action
symmetric game can be normalized, and is equivalent to a Y (see Figure 1(b));
doubly symmetric game, where the payoff matrix is sym- 3) botha andb are negative: the parabola is convex, since
metric. While this equivalence is proven in game theoretical  its vertex is inside the intervad, 1]. Thus, whatever the
context, it remains to be analyzed when considering dynamical initial population is, the evolution will be driven toward
evolutions. The new game, that is called reduced, has the the vertex, i.e. the value of the game (see Figure 1(c));
payoff matrix displayed in Table Il, where = ¢ — h and 4) q is positive and is negative: the parabola is increasing
b=f—g. in the interval|0, 1]. Therefore whatever the initial po-
We decided to focus our attention on doub|y Symmetric pulation iS, the evolution will be driven toward action
games, given their relevance in evolutionary game theory. In X (see Figure 1(d)).



28 {1  The dynamical system is completely deterministic: different
e : 1 attractors can be found for each system, but, as we will show in
‘ | the simulations in Section V, the mean agent will always tend
. os 1 to 0, 1 or the value of the game (the vertex of the parabola)
" | depending on the cases described in the previous section.
s S ] Even if the algorithm is quite simple, we have noticed
" n 1 that using two different implementations in Matlab and C++
PNt p R gt e e o s ey 1 we obtained results qualitatively comparable but numerically
(@) (b) different. This is probably due to the different internal rep-
resentations of real numbers: for more details see the imple-
A — mentation note in the Appendix. While different approaches
1 have been suggested for handling errors in floating point
| representations (e.g., interval arithmetic, see [5]), given the
4 0 1 finite state structure of our model, we decided to use integer
) | representation for state This approach is similar, in a certain
1 sense, to that used by Harrald [1].
] To each agent; is thus associated an integer statec
) | | {0,1,...,M}: the agent will then play actioX with proba-
R CU T Malehas T T bility p; = s;/M. To calculate the gain (the fitness) of agent
(c) (d) a;, this probability is used in equation (4): if we denote with
_ A ol defined b _ . . W(t) the sum of the %tates of the agents of the population
T oy s e by Lo @t tmet V(o) ~ T, 5), we havel(t) = W(n)/N.
Multiplying by M# and simplifying, we obtain the following
form of equation (4):
The results of this analysis completely agree with classical

; - 2
results of the evolutionary theory @f x 2 symmetric games F(i.t) (a +b)si(t) +
(see [2] and [4]) obtained using the concepts of Nash equilibria + ((a+b)W(t) + Mb(2 — N))s;(t) +
and evolutionary stable strategies. Moreover, the model implies + Mb(M(N —1) —W(t)). (6)

that the spatial structure of the population does not influence ) . i
the mean behaviors of the evolved populations, as we will see! NS evolutionary system can be described in a more formal
in the next section. way: let’s consider a discrete timeand a populatiorP(t) of

N agents. To each agent are associated a state and a location:
V. SPATIAL ARTIFICIAL EVOLUTION P(t) = {a1(t),az(t), ..., an(t)}, with a; = (s;(t),1;), where

The framework described in the previous section is indes(t) € S = {s1,52,...,5n,}, the set of the possible states
pendent of the spatial structure of the evolved population. ©6 the agents, and, € L = {ly,ls,...,In}, the set of the
test whether its predictions are good when spatial constraitasations of the agents in the structure of the population. If
are introduced, we have decided to evolve populations we denote withl” the product space between the space of the
two-dimensional regular lattices: each agent is placed onpassible states and the space of the possible locations of the
vertex of a rectangular grid with periodic boundary condigents ' = S x L), a population ofN agents is an element
tions (i.e., a toroidal structure), and is connected with thaf T".
eight closest agents, thus defining a Moore neighborhoodA fitness functionF : TV — RY (where R is the
While other neighborhoods are possible, the results remaiet of real numbers) is given, such that each population
qualitatively the same. Furthermore, one of the authors B(t) = {a1(t),a2(t),...,an(t)} is associated to a vector
running an experiment on human subjets; among the resulfét) = F(P(t)) = (f1(t), f2(¢),. .., fn(t)) with f;(t) being
it is evident that individuals choose a partner in their physicttie fithess value of agent; ().
Moore neighborhood. In further research we will consider the The selection mechanism is described by a functseh :
dynamical evolution on different networks such as small-worl@¥ x RY — SN such that (s (t),s5(t),...,s\(t)) =
networks, fragmented networks and random networks. Sel(P(t), F(P(t))). For each agent in the population it selects

The evolution is performed synchronously: at each genethe state of the agent in his neighborhood with the highest
tion, each agent selects the fittest agent in his neighborhdidess value. Note that only the state of an agent is selected,
and produces an offspring whose associated probability siice the location of the selected agent doesn't influence
obtained by intermediate crossover (also known as arithmetitia¢ successive crossover. On the contrary the location of the
or guaranteed average crossover [3]) between the two probalecting agent influences the functi€uel, since it determines
bilities associated with the agent itself and the selected ageht selection pool for each location in the structure. The
No mutation is used in this process, and the produced offspritgpology of the structure thus affects the selection function,
replaces the considered agent in his location in the structubet not the successive reproduction operators.



The state of the agent in the considered location is then
combined with the selected state by a funct@p: S x S — o ]
S, producing the state of the agent in the next generation for o MAVAAMAAAAMAVAAMAVAMANAA
the considered location. If only a crossover operator is used,
as it is the case in our evolutionary algorithm, the function
Op can be represented in the form of &h x N matrix of
elements ofS. h

Given the topology of the structure, the gebf the possible o
locations of the agents, the sgt of the possible states of -]
the agents, the fitness functidn, the selection functiorbel, Fig 2. Evolution of the value of the mean player over time of a population
the recombination functio®p, and the populatiorP(¢), the of 2500 agents a1 possible states disposed om@x 50 toroidal grid with
populationP(t + 1) = {a;(t +1),as(t +1),...,an(t +1)} @ Moore neighborhood.
at the next generation is formed by agemt§ + 1) = (s;(t +
1),1;) such thats;(t + 1) = Op(s;(t), si(¢)).

V. SIMULATIONS ANALYSIS *JMW

Two groups of simulation have been performed to test the
exactness of the models’ predictions: the first time, we let the
system evolve starting from random populations. Then we cre:
ated a particular initial population and the system dynamical-
behavior is observed, so as to show how the prediction of the—————————— R B
model actually works. €) (b)

At first, we let evolve a population at500 agents aR1 Fig. 3. Evolution over the generations of the fitness of the mean agent (a) and
possible states disposed onb@ x 50 toroidal grid with a of the difference between the maximal and the minimal fitness of a population
Moore neighborhood (each agent’s neighborhood is compo§éé500 agents aR1 possible states disposed oB@x 50 toroidal grid with
by the agent itself and the 8 agents directly surrounding hi a)Moore neighborhood.

The agents face a game whose matrix is the one depicted in

ot

Table 1II). the structure of the population and the initial disposition of
X Y the agents. In fact, starting with different populations, we
X[ =2 0 will observe different attractors for the evolutionary process.
Yro -3 For this simulation a perio@ attractor can be observed (see
TABLE 1lI figure 4, where the two populations are shown): darker agents
THE PAYOFF MATRIX FOR THE SIMULATIONS correspond to probabilities closer tbof playing actionX,

with black agent corresponding to probabilily and white
agents to probabilityt .

Such a matrix falls under case 3) of Section Il since both
a and b are negative. The model in this case predicts that,
whatever the initial population is, the mean agent will tend to,
the value of the game, which in this cas@i6. This prediction
is confirmed by the simulation results: in Figure 2 the evolutions
of the mean player over a generation is shown, when startin
with a random population composed 2§% of agents playing
action X with probability 1, and80% playing actionY” with
probability 1.

The evolution over the generations of the fitness of the mea
agent is shown in figure 3(a): it can be noticed how, even Coromom R m e e
though the mean agent value oscillates between two differ 4 Final populations 02500 agents aR1 possible states disposed on a
states, its fitness value (its payoff against all other memb% 50 toroidal grid with a Moore neighborhood. The two populations form
of the population) stabilizes. The fitness of the mean agenperiod2 cyclic attractor of the evolutionary system.
is clearly linked to the mean fitness of the population: the
artificial evolution tends to populations of different agents who If the payoff matrix is changed to the one depicted in Table
have very similar fitness values. In fact the difference betwe&#, the game falls under case 1) of Section Il since beth
the maximal and the minimal fitnesses of the populaticendb are positive.
through generations tends @ as it is shown in figure 3(b). = The model predicts that the evolution will depend on the

As we have previously pointed out, the model can predioiean agenp(0) of the initial populationP(0); if p(0) < 0.6
the behavior of the mean agent, without taking into accoufthe value of the game), then the evolution will be driven to-

]



A 0.3333, 0.5, 0.6667, 0.8333, and 1. To draw the populations
Y|lo 3 during the evolution, we have associated to each state a color
TABLE IV on a grey scale (see Figure 7).

THE PAYOFF MATRIX FOR THE SIMULATIONS

; . ; ; ; ; Fig. 7. Color scale foff state agents: from state(black) we pass through
wards actiort’; otherwise the evolution will be driven towardsstates corresponding to probabilitiésl667, 0.3333, 0.5, 0.6667, 0.8333,

action X. The prediction is fully confirmed by the simulationso finally reach state (white) that corresponds to probability of playing
shown in Figures 5 and 6, where the time evolution of thastion X.

mean agent and of the difference between the maximal and the

minimal population fitnesses are shown, in the case of initial The intermediate crossover between the integer states is
random populations wits(0) = 0.5939 and p(0) = 0.6047 performed according to the crossover matrix of Table V:
respectively. Note how the difference between the maximicombining a staté agent with a statej agent, the state
and the minimal fitnesses in the population rapidly grows at tieé the offspring agent will be the one at the intersection of
beginning of the evolution (the agents split towards oppositew ¢ and column; of the matrix.

strategies), and then tends@o

0 1 2 3 4 5 6

oo 0[]0 0 1 1 2 2 3

1/0 1 1 2 2 3 3

¢ 211 1 2 2 3 3 4

5 311 2 2 3 3 4 4

. 412 2 3 3 4 4 5

. 512 3 3 4 4 5 5

63 3 4 4 5 5 6

. ; TABLE V

. THE CROSSOVER MATRIX FOR AGENTS WITH POSSIBLE STATES

0o 2 4 & & 10 12 14 16 18 20 o 2 4 6 8 10 12 14 16 18 20

Fig. 5. Evolution over the generations of the mean agent (a) and of the Figyre 8 shows the evolution of the system starting from
difference between the maximal and the minimal fitnesses of a population of

2500 agents a1 possible states disposed ors@x 50 toroidal grid with a &N initial pQPUIation solely of all a_gents playing action
Moore neighborhood. The initial population has a mean agent with associawith probability 1 (agents’ states), with the exception of the

probability p(0) = 0.5939 < 0.6, the value of the game. central individual who plays actiori with probability 1 (agent
state0). For each generatiort & 0,1,...,7) the population
is plotted on the left, and the parabola associated to the
population is drawn on the right: the probabilities associated
with the 7 possible states of the agents are on the x axis, and
the corresponding fithess values, function of the i) of
the probabilities associated to the agents in the population, are
on the y axis.

At time ¢ = 0 the single agent at state has the highest
fitness value (the parabola is decreasing in the intgtval),
and therefore it will be selected by its surrounding neighbors
Fig. 6. Evolution over the generations of the mean agent (a) and of tFRr recombination. Applying the crossover matrix (see Table
difference between the maximal and the minimal fitnesses of a population\dj, at the next generationt (= 1) the population will be
2500 agents aR1 possible states disposed orb@x 50 toroidal grid with a [ormed by one agent at stae surrounded by8 agents at
Moore neighborhood. The initial population has a mean agent with associated .
probability 5(0) = 0.6047 > 0.6, the value of the game. state3, and all other agents at state The behavior of the

population from timel to time 4 is analogous to that of time

In the second part of the simulations we consider a sméll since smaller associated probabilities have higher fitness
population of121 agents disposed onld x 11 toroidal grid. values, the agents will recombine with the agent in their
Each agent’s neighborhood is composed by the agent itself aredghborhood with smaller states. Note that the agents at state
the 8 agents directly surrounding him (thus forming a Mool disappear, because they have always the smallest fitness
neighborhood). The payoff matrix of the game is the same @slue. Since the crossover matrix allows the production of
for the first group of simulations (see Table Il1). state6 agents only when both the parents have s@téhat

The set of an agent’s possible states is composed ofstate will never appear once lost in the population.
elements § = {0,1,...,6}). The probabilities of playing At time ¢ = 5 the parabola becomes increasing in the
action X associated to the states are respectivel§; 0.1667, interval [0,1]. The agents at staté have the lowest fitness
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Fig. 8. Evolution of a population of1 x 11 agents that can assuniepossible states: the initial population is composed by all agents playing aktion
with probability 1 (agents’ states), except the central individual that plays actibhwith probability 1 (agent statd). For each time step, the population
(left) and the corresponding parabola (right) are shown. At tiree8 the population will be the same as at time= 6, resulting in an attractor of peric2l
for the dynamic of the system.

value: those at the border of the region will select staterossover operator will produce offsprings with the same state
2 agents for recombination (since they have higher fitnes§dee Table V).

producing state- offspring agents. Agents at state will At time ¢ = 6 (see the enlargement in Figure 9 left) the
select, for the same reason, agents at gtgpeoducing stat&  parabola is still increasing in the interval, 1]: only agents at
offspring agents. All other agents don't change state, since §wte1 will change state, since the only crossover producing



offsprings with a different state is the one between agents at APPENDIX

statel and agents at stafe Attime ¢ = 7 (see the enlargement  The consequences of floating points arithmetic error are
in figure 9 right), parabola is such that stategents have a el known in the simulation literature (see for instance
higher fitness than stafe--2, and 3 agents, and therefore[g]) |n order to avoid this common pitfall we decided to
only agents at stat2 selecting agents at stafewill produce  jmplement our framework using both Matlab and C++. With
an offspring at a different statel) A population equal t0 continuous states the results obtained by two implementations
that of generatiort is produced, and the system enters in gere qualitatively the same even if numerically different.
period?2 attractor oscillating between the two configurations. gince exact replication of the experiments is obviously
The system oscillates between states in which the mean ag¢s¥iraple we decided to have quantized states in order to
has strategies.573003 and0.595041. This result completely optain crossover results that were consistent between the two
agrees with the model’'s prediction: since bethand b are implementations.
negative, the mean agent shall tend to the value of the gameypile usually such effects are thought to be arising from
which in this case i9).6. accumulated floating point errors, in our case we found such
mean agent = 0.584022 mean agent = 0.694215 discrepancies aImOSt immediately. . . . .
- A In fact even with the seven-state simulation described in
R i Section V our Matlab implementation incurred in some prob-
™ ] lems, when performing the arithmetical crossover.

For example, consider crossover between two agents with
probabilities1/2 (state3) and0 (state0). With the arithmetic
crossover the offspring is/4 and, in deciding the state of the
s offspring, two quantities must be compared4 — 1/6 and
» Rt 2/6 — 1/4. Note that obviously in this case the two quantities
N N—— are identical and a rule should be implemented for deciding

‘ ' _ 6 ‘ ’ . _ 7 ' the state of the offspring. The problem we encountered is that

Matlab considerd /4 — 1/6 greater thar2/6 — 1/4. With the

Fig. 9.  Enlargement, enlarging y-axis, of the parabola of figure 8 g .1 jmplementation we used long double i.e., floating-point
generat!ons6_and 7: from increasing in the probability intervgD, 1] at d . . . !
generatiors, it becomes decreasing at generation ata type with 80 bits of precision for our variables and the
problem did not occur. Yet, since the accumulated floating
point errors could not be ruled out completely, we decided to
consider integer representation for the states.

Nevertheless a further step was in order. Since, due to the

We have introduced a new framework to analyze and predioternal representation, the same fitness could be considered
the behavior of evolutionar x 2 symmetric games. This different depending on the implementation, we resolved to
approach only uses the parameters of the payoff matrix of tbensider integer values for the fithess as well. This, to the
game, and leads to behavior predictions that are in perféetst of our knowledge, solved our problems with the only
agreement with classical evolutionary theory, without dealirdyawback of imposing an upper bound on the number of states
with Nash equilibria or evolutionary stables strategies. The be considered.
proposed model is not influenced by the spatial structure of
the evolving population of agents.

The evolutionary algorithm used to experimentally validafé] Paul Harrald, “Evolving behaviour in repeated 2-player games,” in

. . . . . Practical Handbook of Genetic algorithms: Applications, Volumieaince
the model is then described, introducing a new formalism for champers, Ed., pp. 459-496. CRC Press, Boca Raton, FL, 1995.
the evolution of spatially structured populations. The expel2] J. Weibull, Evolutionary Game TheoryMIT Press, 1997.

ments fuIIy confirm the predicted behaviors. and a comple[t'ﬁ Z. Michalewicz, Genetic Algorithms + Data Structures = Evolution
’ Programs Springer-Verlag, Heidelberg, third edition, 1996.

analysis o_f a simple dynamical system is presented, in OF%FJ, Maynard Smith, Evolution and the Theory of GamesCambridge
to exemplify the model. University Press, 1982. _ _ .

In the future we intend to investigate the different dynamidé] G. Alefe_ld and J. Herzberger, Introduction to interval computatign
. . . - Academic Press, New York, New Jersey, 1983.
induced by different crossover matrices, and the possibility Bﬁ J.G. Polhill, L.R. Izquierdo, and N.M. Gotts, “The ghost in the model (and
the co-evolution of strategies and crossover operators. We alsoother effects of floating point arithmetic)Journal of Artificial Societies
want to study and model the introduction of random mutation 2"d Social Simulation2004, (to appear).

in the evolutionary algorithm.

VI. CONCLUSIONS ANDFUTURE WORK
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